GPDs and TMDs

Matthias Burkardt

New Mexico State University

May 16, 2012



Outline

s

,/'/9;
s /«
’N/'/ // R

\

o GPDs: Motivation
e impact parameter dependent PDFs
— Ji relation

o DVCS 2% GPDs

— Ji relation (poor man’s derivation)
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Impact parameter dependent quark distributions

q(z,b) for unpol. p . .
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e g(z,by) fdzf)éH 7,0, —A2 )e~tbLAL

e z = momentum fraction of the quark

o b=l distance of quark from | center of
momentum

e small x: large 'meson cloud’
o larger z: compact 'valence core’

\Q_/" -
\ e z — 1: active quark becomes center of
_ momentum

<5 by — 0 (narrow distribution) for z — 1




Impact parameter dependent quark distributions

<0

proton ’polarized in +Z direction’

no axial symmetry!

dQAL 2\ —ib A
Q(x,bL)Z/(QT)qu(%OrAL)e L

1 0 [d*A) ;
T p— ) .0—A2 /—:,bLAL
oM aby/(%)? a(2,0,-Al)e

Physics: relevant density in DIS is
jT = 4%+ 53 and left-right asymmetry
from 53




Impact parameter dependent quark distributions

proton ’polarized in +& direction’ & localized in the | direction

dgAJ_ ; 1 0 dgAJ_ g
b,)=|—5H N s p— /7E z,0,—A%)e L AL
a(@b.) /(271')2 o(@,0=A0 e 2M 0b, | (2m)? a(@0,~A1)e

v

spin + relativity = weirdness (— Naomi Makins)

above ¢(z,b ) calculated in L localized state
I'z') = [pt,R.=0,+) + [pT, R, =0, —) which is not eigenstate of L nucleon spin

@ due to presence of p; # 0
o =+ refers to light-front helicity states (issue when p # 0)

distribution in delocalized wave packet

MB, PRD72, 094020 (2005)
ayp(z,br) = [riq(a,br —r1) (W) - 5572 [w(r)?)
two contributions to L shift

@ intrinsic shift relative to center of momentum R |

e overall shift of R for L polarized nucleon




Angular Momentum carried by Quarks

spherically symmetric wave packet has center of momentum off-center:

o illustrate this relativistic effect using bag model wave functions:

w‘(ﬁfi?m)" with X‘%(})

[ d3rf%(r) = 1, take limit of large 'radius’ R for wave packet
o cvaluate 707 = £7 (7°9* + 479°) ¢ in this state

e 10,1 even under y — —y, i.e. no contribution to (yT(?z)
o use iYp1y9920% = EypiyPy7yp

@) = B [ drotyvy = B [aret ( A )wy

_ 28 3t 52 7Y —_NoY

= Foar [ ErxloTe X (-)¥ f(r)y
o E 3 92 R—)oo}

= 7E—|—MN/drf (r) —>2

— p pol. in +2 direction has CoM shifted by ﬁ in +¢ direction!




Angular Momentum carried by Quarks

spherically symmetric wave packet has center of momentum off-center:

o illustrate this relativistic effect using bag model wave functions:
f(r) : 1 /(1
P = < 5, X with X=—
i (1) v2 1

0o 1
<TOZ?J> Ri> )

— p pol. in +& direction has CoM shifted by ﬁ in +y direction! J

origin of ’shift’ of CoM

e nucleon polarization: )

@ counterclockwise momentum density
from lower component

o pn~ %, but y ~ R
= (T*Fy) =0(1)




Angular Momentum Carried by Quarks

Total (Spin+Orbital) Quark Angular Momentum

Ji =Ly +S; = /d37“ [yTgZ(F) — zT(?y(F)}

o TH(r) energy momentum tensor (T} (r) = Ty (7))
o T7'(7) momentum density [P} = [ d*rT)"(7) |
o think: (7 x p)® = yp® — zp¥

relate to impact parameter dependent quark distributions qlf,(;l‘, r)):

Consider spherically symmetric wave packet with nucleon polarized in
+2 direction

o eigenstate under rotations about x-axis
< both terms in J7 equal:
JE =2 [ d3ryTo(F) = [ dPry [TO*(F) + T°(7))
o [dir yTgo(F) =0=[d yI7*(7)

= JT= / PryT (7)) with TTH=T% 4 7% 4+ 720 4+ T%




Angular Momentum Carried by Quarks

relate to impact parameter dependent quark distributions gy (z,r ):
Consider spherically symmetric wave packet with nucleon polarized in
+2 direction
@ eigenstate under rotations about z-axis
< both terms in J7 equal:
JE =2 [ dPryT% () = [ dry [TO*(F) + T2O(7)]
o [dBryTO(F)=0= [d*r yT7*(7)

= J;: /d5ryT++( ") with TH+ = 700 4 70z | 720 4 pz2
) fdqu(x,rJ_) = 2m1v fd?”zT++(F)

(note: here x is momentum fraction and not %)
= (Q|JF|p) =my [dx [ d®brab¥qy(z,bL)




Angular Momentum Carried by Quarks

distribution in delocalized wave packet (pol. in +& direction)

ao(@,b1) = [ drig(e,br —r1) (WP - shralw(r)?) with

dgAJ_ ; 1 0 dgAJ_ .
b)) = [ === H,(z,0,— A} —ZbrAL———/i Ey(x,0,—A2 )e~*b1 A1
Q(x7 J_) /(271’)2 lZ(:Ev ) J_)e IM aby (27‘()2 I(J“v ) J_)e

two contributions to L shift

@ intrinsic shift relative to center of momentum R |

@ overall shift of R for L polarized nucleon

insert into (1| J7[¢) = [dx [ d*biqy(x,bi) MB, PRD72, 094020 (2005)

(Y| JZ|Y) = 5 [ dzz [Hy(x,0,0) + E4(2,0,0)] (here: derived for 7= 0 only!)
e X.Ji (1996): rotational invariance = apply to all components of J
e result for J7 also applies to p, # 0

e partonic interpretation (L shift) exists only for L components of j,;!




Angular Momentum Carried by Quarks

insert into (1| J7[¢) = [dx [ d*biqy(x,bi) MB, PRD72, 094020 (2005)
(Y| JZ|Y) = 5 [ dzz [He(,0,0) + Eg(z,0,0)] (here: derived for 7= 0 only!)

o X.Ji (1996): rotational invariance = apply to all components of J
e result for J7 also applies to p, # 0

e partonic interpretation (L shift) exists only for L components of j,;!

gauge invariance

o matrix element of T,f* = gy"i0% ¢ in A = 0 gauge same as that of
T (10T — gA™T) ¢ in any gauge
< identify 1 [dxx[H(,0,0) + E(z,0,0)] with J, in decomposition where
Ly =& (PS|g'(#)(7 x iD )a(Z)|P.S)




Angular Momentum Carried by Quarks

insert into (1| J¥[¢) = [dz [ d*biqy(x,br) MB, PRD72, 094020 (2005
(Y| JZ|Y) = 5 [ dzz [He(,0,0) + Eg(,0,0)] (here: derived for = 0 only!)

o X.Ji (1996): rotational invariance = apply to all components of J
e result for J7 also applies to p, # 0

e partonic interpretation (L shift) exists only for L components of j,;!

v

caution!

e made heavily use of rotational invariance
< itentification (Y|J7|¢¥) = 5 L [dxx[H(z,0,0) + E(z,0,0)] does not apply to
unintegrated quantltles
o [d®A e7PLALL [H(z,0,—A%) + E(x,0,—A% )] not equal to J*(b) 1
o Jo(z) = £ [H¢(2,0,0) + E4(z,0,—A7)] not z-distribution of angular
momentum J; (z) in long. pol. target

regardless whether one takes gauge covariant definition or not




Angular Momentum Carried by Quarks

lattice: QCDSF
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Apveg ~ GPDs

interesting GPD physics: e

o J, = [ dvz [H(z,€,0) + E(z,€,0)
requires GPDs(z,§,0) for (common)
fixed € for all x

o | imagingrequires GPDs(x, ¢ = 0,t)

VTP, 0.

-~ (tactorisation)
+4

o ¢ longitudinal momentum transfer on the target & = p+/;£ -

E+ 4pt
pt/+pt

GPD(x,£,t)
RApves(é,t) _>f La dp EED(z.8,t)

r—&

e x (average) momentum fraction of the active quark z =

SApves(§t) — GPD(E,&,1)
e only sensitive to ‘diagonal’ z = &

o limited & range

o limited £ range

@ most sensitive to x ~ &

@ some sensitivity to z # £, but

Polynomiality /Dispersion Relations (GPV /AT DI)

Ag@) = [ @bt @ [ Henb@) 5 q)



Apveg ~ GPDs

a' %

interesting GPD physics:

o J, = [ dvz [H(z,€,0) + E(z,€,0)
requires GPDs(z,§,0) for (common)
fixed € for all x

o | imagingrequires GPDs(x, ¢ = 0,t)

“Lrhe % Y.T,P0....

-~ (tactorisation)
+4

SApvos(é,t) — GPD(E ¢, 1) RApyes(E,t) — [1, do SRSl

S

Polynomiality /Dispersion Relations (GPV /AT DI)

A6 ,0%) /d xftQQ /d erQ) +A®QY)

e Can 'condense’ all information contained in contained in Apycs
(fixed Q?) into GPD(x,z,t,Q%) & A(t,Q?)

o if two models both satisfy polynomiality and are equal for z = ¢
(but not for z # ¢) and have same A(¢, Q%) then DVCS at fixed
)? cannot distinguish between the two models




Apveg ~ GPDs

Polynomiality /Dispersion Relations (GPV /AT DI)

2 1 2. GE 2
H(x7£at,Q):/ dl‘H(‘L‘LtﬂQ)+
z-§ —1l z—§
e Can ’'condense’ all information contained in contained in Apyvcs
(fixed Q?) into GPD(z, x,t, Q%) & A(t,Q?)
e if two models both satisfy polynomiality and are equal for x = £

(but not for z # &) and have same A(t, Q%) then DVCS at fixed
Q? cannot distinguish between the two models

1 s
A, ,Q?) = [ s A1, Q?)

need Evolution!

| \

8 ddqu( Nz, & f}_[ da’ 1\\( )qu (2, £, 1)

i -
@ ()2 evolution changes z distribution in a known way for fixed &

< measure Q? dependence to disentangle x vs. ¢ dependence




DVCS ~» GPD(x,&,t) (a mathematical exercise) 13

n

GPD(x,6,t,Q?) Zc?’/? Y aun(€)C-m(Et,Q%)

m=0(even)

o C3/*(z) Gegenbauer polynomials; an,,(¢) known polynomial
e Ci(&,t,Q?) unknown, but evolve with known power of a(Q?)

o consider z = £ (relabel: k =n —m)

GPD(£,6,,Q%) = (1— €)Y Cu(&. £, Q) fr(9) (2)

k=0

with fi(§) = Zf:;:o(even) amH@m(ﬁ)Cﬁﬁk (&) known function.
o for fixed &, each term in (1) evolves with different

< from Q?-dependence of GPD(E,&,t, Q%) (fixed £ and t) over
‘wide’ range of @, in principle possible to determine Cy(&,t, Q%)

<~ GPD(x,¢,t,Q?) for x # & model-independently!

need EIC as QCD evolution is slow...(— Aschenauer et al.) J




The Nucleon Spin Pizzas

Ji decomposition

Jaffe decomposition

‘pizza tre stagioni’

%:Zq%Aq+Lq+Jg

3Aq = 3fd*z (P, S| q*(f)EBQSf) |P,S)
L,=[d*x(PS|q}(7)( x iD)q(2)|P.S)
J, = [dz (P, [f x(* X B)r P, S)

—

oiD:ig—gE

‘pizza quattro stagioni’

light-cone framework & gauge AT =0

2= D, slg L, FAGEL,

J

£,= JBr(PS|a(F) (7 x id)a()| P,S)
AG ==y (P, S| TrFi A7 | P, S)
£,=2 fd3r<P,S|TrF+J‘(f x i5>Aj |P.S)




The Nucleon Spin Pizzas

scalar diquark model

o LC wave functions 9% (z, k)
— L, from |92 (z,k)|?
o GPDs from overlap integrals
of T4
— Lg from Ji
O b =V
No surprise since .
Ly — Ly~ {q'7 x Ag) and no
A in scalar diquark model

o Ly(x) # Ly(x)

| 7 T o
0151 / \ ,_"' ()
| v \
| N\
o1/ .
1/ N
0.05 {f N
] 0.2 0.4 0.6 0.8 1

scalar diquark model

@ interpretation of
Jo(z) = 3 [q(x) + E4(x,0,0)]
not that of distribution of AM
in x

o FT of
J(t) = 5 [q(x) + E¥4(z,0,0)]
not distribution of J; inb |

M.B. + Hikmat BC,
PRD 79, 071501 (2009)

QED for dressed e~ in QED

o LC wave functions ¢, (z,k, )
> Lq from [3, (z, k1 )[?
e GPDs from overlap integrals
of ¢ty
— Lg from Ji
@ Lo=Le+ - # Le




The Nucleon Spin Pizzas

Ji decomposition

Jaffe decomposition

%:Zq%Aq—i‘Lq"’Jg

38q = 3[d*z (P, S| ¢ (2)2%q
Lo =[d*a(PSq' (#)(% x iD )a(
J, = [z (P, 9] [x x(ﬁ x é)] P, S)

— —

oiD:ia—g/_f

oGPDS—>Lq

0 PP —AG — L= >
o L1+£ L1

o L7—L1="

i€q, g

o can we calculate/predict the difference?

e what does it represent?

light-cone framework & gauge AT =0

%:Z TN+ L+ AG+ Ly

)

£,= J&r(P.S| a(@ {7 x i8)a(?)|P.S)
AG=et~U[d3 (P, S| TrF A |P, S)
£,=2 fd3r<RS|TrF+J‘(f X i5> AI|P,S)




OAM from Wigner Functions

Wigner Functions (Belitsky, Ji, Yuan; Netz et al.)
2 d*qu [d*€.dE
Wz, by, k1) = [ 5= [ —oa—e™ S (P'S'|q(0)7y (&) PS).
(@b Fa) = [ [e ™ (P S a0 a)PS)
o (quasi) probabilty distribution for b, and k.
o f(x, ki) = fdeLW(‘T:gLJgL)
"] q(fE,bL) = fkoLW(l‘, 6;, ];:L)

OAM from Wigner (Lorcé et al.)

L,= /d:c/dzbj_/dsz_W(x, by, EJ_)(l%k:y Y Gauge Invariance?
N need to include Wilson-line
= /d3r<P,5| (j(fﬁ’f’(?*’ X i@)q(f&)|P,S> = L% | gauge link to connect 0 and ¢

o same as Jaffe-Manohar definition




OAM from Wigner Functions

Wigner Functions with gauge link (Ji, Yuan; Hatta)

L 7 [dPELde

W and thus L, = [dz [ d?b, [ d®k W (z,b1, k1 )(bsk, — byk,) may
depend on choice of path!

e (P'S"|q(0)y Uoea(€)|PS).

straight line (Ji et al.)

straigth Wilson line from 0 to £
yields
ig=

A\ 3
J&*2(PS|q}(#)( x iD)a(@)|P.S)
o iD=id—gA
e same as Ji-OAM

o f(z, ki) =[d®b, W(z,by, k)
not the TMDs relevant for
SIDIS (missing FSI!)




OAM from Wigner Functions

Wigner Functions with gauge link
o on o [dPqL [dPEidE
W('T7bL7kL) = /(271_)2/ (271_)3

W and thus L, = [dz [ d?b, [ d®k W (z,b1, k1 )(bsk, — byk,) may

depend on choice of path!

—o—a— e (P'8'|q(0)y Uoeq(€) | PS).

(Ji, Yuan; Hatta

Light-Cone Staple for L{OﬂELG (Hatta)

e want Wigner function that yields
TMDs relevant for SIDIS when
integrated d?b

— path for gauge link —
'light-cone staple’ — U(;ELC

& q(0=,0,) (007,01)

9(€,81) (007,€1)

e Jiet al.: no link at x= =

N3
£l = fd3x<P,S|q(.f)v+(fxiD)q(-f)lP,S>

o iD=id— gA(z~ =o00,x,)
o stapleat = = —o0 L
o PT= [%=r%

o Aj(oaxy)=A1(-0axy) =
ﬁi =Ly
— link at £~==400 no role for OAM!/




Difference Jaffe/Manohar vs. Ji

straight line (—Ji) light-cone staple (— Jaffe-Manohar)

L, =Jd*(PS\a(@n*(7 x iD)a@IPS) | £1=[ds(PS\a(@y*(#xiD)a(&)|P.S)

—

o iD=id—gA o iD=id—gA(z~ =o00,x)

difference £7 — L4

L7 — LT = —g [d®x(P,S|q(@py 7 x (A(o0, x1) — A(7))]*q(D)|P,S)
Al (00,x1)— AL (&)= [Zdr Ft(r=,x1)

V2F+Y = F% 4 F?y — _EY  B® J




Difference Jaffe/Manohar vs. Ji

straight line (—Ji) light-cone staple (— Jaffe-Manohar)

L, =Jd*(PS\a(@n*(7 x iD)a@IPS) | £1=[ds(PS\a(@y*(#xiD)a(&)|P.S)

—

o iD=id—gA o iD=id—gA(z~ =o00,x)

difference £7 — L4

L£9— L1 = —gfd3 (PS|g(@n 7> (A(oo, x1) — A(Z))]"¢()| P.S)
A (co,x)— A, () = f CdrFH(r=,x))

color Lorentz Force acting on ejected quark (MB: arXiv:08103589)

= N\ Y
VZF+Y = FO% { F*Y = —FY + B® = —(E+17>< B) for & = (0,0~1)




Difference Jaffe/Manohar vs. Ji

straight line (—Ji) light-cone staple (— Jaffe-Manohar)

L, =Jd*(PS\a(@n*(7 x iD)a@IPS) | £1=[ds(PS\a(@y*(#xiD)a(&)|P.S)

—

o iD=id—gA o iD=id—gA(z~ =o00,x)

difference £7 — L4

L1 — L1 = —g [d®z(P, |q(*)7+[£v><(A(OO,XL) — A(7))]°q(2)|P,S)
Al (00,x1)— AL (&)= [Zdr Ft(r=,x1)

color Lorentz Force acting on ejected quark (MB: arXiv:08103589)

= -\ Y
V2FtY = FO L F?y — _EY { B* — —(E+17>< B) for & = (0,0~1)

Torque along the trajectory of ¢ Change in OAM




Difference Jaffe/Manohar vs. Ji

straight line (—Ji) light-cone staple (— Jaffe-Manohar)

L=[d*s(PS|q@y*(% x iD )a(#)|P.S) | £1=[ds(P,S|q(@y+(7xiD)q(&)|P.S)

o iD =id — gA(Z) o iD=id—gA(z~ =o00,x)

®z
- I_ —
T |
e 1
B —
= ,;,/"




Summary 21

e F(x,0,—A%) — L deformation of PDFs for L polarized target
< parton interpretation for Ji-relation
e (in principle) GPD(z,€) from QCD evolution of GPD(§, €, Q%)

e interpretation of L, — £, as change in OAM of ejected quark



The Nucleon Spin Pizzas

o L, matrix element of
. N7 . NG E1
q' [FX (i(’? — gA)} qg=aq/" [Fx (i@—gA)] q
o L? matrix element of (v =~% 4 ~%)

nz
ay" {F X ia} q

At=0

= N2
o (for p'=0) matrix element of gy~ [f’ X (i@—gA)} q vanishes
(parity!)
= N7
< L, identical to matrix element of gy [F X (i(?—gA)} q (nucleon
at rest)
< even in light-cone gauge, L7 and L7 still differ by matrix element

of ¢t (Fx g/f) 9 .

@ how significant is that difference?

. = gt (r*gAY — rvgA®) q‘AJr:o



What is Orbital Angular Momentum

first: QED without electrons

oapplyax(Hx@):g(a-a—g(a-atoﬁx(ﬁxA‘)

J

I
Q.
w
5
8
X
7~ N\
e
X
So]
N—
I
Q.
w
N
8
X
L—
e
X
/N
<
X
]
N——

/d% (B (5 x V) 47 -3 x (- 94|
e integrate by parts (drop surface term)
= [@r[p (2% V) 40+ (¢x ) - E+Ex 4]
o drop 2"¢ term (eq. of motion V-E= 0), yielding J =L+ 8§ with
[-[¢rp (ax¥) a0 5= [rBxi

e note: L and S not separately gauge invariant as written, but can
be made so (— nonlocal)




Example: Photon Angular Momentum in QED 24

QED with electrons

S
I
Q,

w
S
=
X
S
&
X
so]
I
Q.
w
=
=
X
w51
X
/N
<l
X
N
N—
| I

I
—
%
<
S
—~
=
X
<l
= .
+
N
=
X
N}
SN—
<
=
+
&5
X
o

o replace 2% term (eq. of motion V - E=e¢j"= elTa), yielding
J, = /d3r [wTFX e A + E7 (fx 6) Al + E x /q

o 17 x eAt cancels similar term in electron OAM PIFx (p— Eiff)’(/}

— decomposing J_; into spin and orbital also shuffles angular momentum from
photons to electrons!

@ can also be done for only part of A Chen/Goldman, Wakamatsu




